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1. INTRODUCTION

Korovkin’s well-known result, [4, p. 14] and [5, p. 7], states that for a
sequence L, of positive linear operators and for a continuous function f,
L,(f: x) converges uniformly to f provided L,(f;, x) converges uniformly
to fi(x) (i =0, 1, 2), f; being appropriate functions, Shisha and Mond,
in [6] and [7], and DeVore [1] determined the rate of convergence of such
sequences L,(f, x) in terms of the moduli of continuity of fand f'.

Our purpose is to modify these results on the rate of convergence so as to
apply to operators defined for functions on, e.g., [0, o©) or (— o0, o).
Applications to Baskakov and Szdsz operators and various convolution
operators are given yielding several new results.

2. DoMAIN oF OPERATORS ENLARGED TOo INCLUDE FuUNCTIONS
WITH NONCOMPACT SUPPORT

In many interesting cases in which a sequence of positive linear operators
occurs, the domain includes functions with noncompact support. Korovkin’s
theorem does not apply directly to those, [4, p. 14] and {3, p. 7], though in
Korovkin’s book [4, pp. 53-54] it is made clear that provided that the
functions belonging to the domain are bounded, in some special cases the
theory applies. Sikkema [8] treats, in a somewhat different context, the case
of functions with non-compact support and of polynomial growth.

In treating unbounded functions with noncompact support, it is important
that proper bounds on the functions be required, as is seen from the following
example: consider the real functions f in C[0, co0) for which lim,_., f(x) e=*
exists, and let L,(f(@);x) = B,[f(t); x)] + f(n)e™ (where B,[f] is
Bernstein’s polynomial). Then L,(t*, x) — x* for k = 0, 1, 2, uniformly in
[0, 1], but L, (¢, x) — €® -+ 1, uniformly in [0, 1].
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In this section modified versions of Korovkin’s Theorem and theorems
concerning rate of convergence will be given. While there is neither claim
of optimality nor of simplicity of statement, these modified versions are very
readily applicable to a number of quite important special cases.

We shall need the following definition that will sum up the conditions for
our modified approximation theorems:

DermutioN 2.1. A sequence L,(f(¢); x) of linear-positive operators is of
type A(T, S, p) if the domain of each L, consists of all functions (or all
measurable functions) on T satisfying there | f(£)| << M(f)(2 + 1) u(?) and if

@ |l La(t®; %) — xE|lcs) = o(1) as n — oo, for k = 0, 1,2,
and

(b) I La((t — x)? p(t); Xlcioy < K| Lot — %)% X)lcis)
= K(,J‘n(s))z = K.U'nz - 0(1)5
where 7 C(—o0, ) is closed, S = TnNla,b], —0 <a<b < w0, and
pl(t) = 1.
THEOREM 2.1. Let L,(f(t); x) be a sequence of linear positive operators of

type A (T, S, p).

(A) For f(x) continuous on S, , S, CS, S, = S, , we have

Il La(f(8); X) — fFD)llcesy — 05

(B) 1f, in addition, S, = [a, b] and S, = {a, , b,] C S, and if, for some
n>0,{a,—n,b +9INTNA{(—w, ) —8;} = @, then

I La(f (); x) — F(lcsy
SUFOU - L1, x) = 14 [ La(1, %) + 1] o(f, ) + Lps®. (2.0)
(C) [1f, in addition, f’ is continuous in S, , then
I La(f (), X) — f(Wewsy <MLl x) — V- LA Lot — x5 ) - [ £/l
+ @(f’, 0) (a0 -+ oy || La(1; X)172) + Ly

Here w is the modulus of continuity on S, , the norms are sup on S, , and
L is a constant.

CorROLLARY. If L,(1,x) =1 and L,(t, x) = x, then the conditions of
Theorem 2.1.C. imply

W La(fs X) — fOllesy < 2Lpno(f', py) + Lug?.
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Proof. We shall prove B following Shisha and Mond. (A) and (C)
following Korovkin and DeVore, can be proved similarly. Let § > 0. For
xeS,, tela, — n, by + n] N T (and therefore t € S;), we have, as in [6]
(with w(’) = w(f, ),

@) —fO)l <ot —x]) <+ (¢ — %P6 w(d) @n

For xe S, = [a;, b,], t € {(— 0, ©) — [ay — u, by + 7]} N T, we can write
LF@®)] < M(F)(2+ 1) p(t) < M(f) Myt — x)? u(t). Also, for x € S, we have
[FO < Sf ey 172 — x)2. Combining these estimates we can deduce for
teTand x€S,,

@) — fl < (L4 (= x)? 873 () + M(f) My(t — x)* (1)
F 1 fllcwsy 73t — %)%,

from which (2.0) follows easily, taking 8 = u, (If u, = 0, one also can
obtain (2.0)). An estimate for L in (2.0) is L << M(f) MiK + Hfllc(sz) 2
where

241
M, = su — .
! |t—w|p>n (t - x)z
x€ Sy

3. APPLICATION TO BASKAKOV AND SzAsZ OPERATORS

The Baskakov operators are defined by (see [9])

o0

(k)
M@0 = ¥ (—ne 2wy (X), (.1)

n

where ¢,(x) are real functions for which
®) (—1F$P(x) > 0,k = 0, 1,..., x € [0, 0);

© éP(x) = —nd*P(x), k = 1,2,..,x€e[0, o), for some integer /
independent of r, k and x; and

(d) ¢.(x) can be expanded in a Taylor series in [0, c0). We shall
show M, e X (T; p) with T = [0, o) and u(t) = (¢! -+ 1)*/%, where [ is
any integer, and a sequence of linear positive operators belongs to (T, w)
if it is of type H(T, S, w) for all appropriate S.

Obviously the M, are linear positive operators. Suzuki [9, p. 436] showed:

Mt — x)*; x} < K(S)(1/n?) for xeS§, S compact. (3.2)
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Also, using the same technique of reduction [8, pp. 334-336], one obtains

for any integer /,
M {th; x} < K (S) for xeS. (3.3)

Therefore for x € S,

M(t — P+ D2, x} < [Mof( — X0 X312 Mot + 1, x)]e
< Kyf1/n).

As corollaries of our theorem we get for | f(¢)| << K@t + 1D)Y3(¢2 + 1),
| Mu(fs %) — fllewr = 0, (3.4)

where S is compact and f(¢) is continuous on S;
| Mou(f; X) — fRlleisy < 2a((b(1 + 1b)/n)/2) + Ly(b) n™; (3.3)
and

| Malf %) — FDllesy < 2(0(0 + 16)/n)' 2 w(f', (b(1 + Ib)[n)*?) + Ly(b) nY;

(3.6)

where S; = [a + 7,6 — 5], n > 0, S = [a, b] and «(d) is the modulus of
continuity of fon S.

The Szdsz operators defined by
. — - ' k nk kp—nx

SWF@3 ) = 31 () e 3.7

are a special case of the Baskakov operators with / = 0. We shall prove here

Sy € X (T, u) where T = [0, o0) and u(t) = e** with any 4 > 0. Of course

u(t) = e4* tends to infinity much faster than any polynomial used for

Baskakov operators. Moreover, u(t) = e4* is a good estimate since for

f(t) = exp(tite), € > 0, S, is not defined.
We have

Sa(e; x) = exp(nx(et/™ — 1)),
and as ed/® — 1 < (4/n) ed/" for A = 0,

2 LAt. 4 2 (AN 4 X 4
Sa((t — x)? e4; x) < exp(xAed/™) gx (T) e /"+—n—e ni,

Therefore, recalling that S,((t — x)*; x) = x/n, the proof that S, ¢
K ([0, 00), e1?) is completed.
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Furthermore,
I £(x) — Su(f(); Dlicwsy < 20((b/n)*3) + Ly(S) n (3.9
and
17) — Sa(f(0); Xllecsy < 2b/n)2 w(f’, (B/m'?) + Ly(S) n*. (3.9)
(3.5)—(3.9) appear to be new results.

4. FURTHER APPLICATIONS, CONVOLUTION OPERATORS

In this section linear positive operators arising from inversion formulae
of a wide class of convolution transforms will be discussed. Functions
operated on will be defined and measurable on (— oo, o). (In the previous
section measurability was not needed.) We shall show that the operators
I, below belong to X(T, u(t)) where T = (— o0, o0).

The inversion of the Weierstrass transform yields the positive operators

L0 ) = (o [ exp(—(t — x)* nf4) £0) i,
n=1273,.... (9.1)

We shall prove I, € (T, et'/%). Using [3, p. 78], we have

In(lax) =1, ]n(t’ X) = X,

4.2)
L(t% x) = x2 4+ (2/n) and L((t — x)*; x) = 2/n.

Straightforward calculations yield that the conditions of Definition 2.1 are
satisfied.

Therefore, for | f() < M(t>+ 1) e?’/* and S, S, S., n and w(-) as in
Theorem 2.1, we have:

Hf(x) — L{(f(); Xllesy — 0 if f(¢) is continuous on S; (4.3)
| f(x) — L(f(D); Dleesy < 20((2/n)'7?) + Li(a, b, ) n7%; (4.9)
and

1) — L(f(2); Xllewsy < 22/mV2) (f’, 2/n)?) + Lya, b, p) n~'. (4.5)

The linear positive operators I, induced by Hirschman-Widder’s real
inversion formula (see {1, Chap. VI]) are given by

L@ = [ Gt—0f0d, n=012., @48

—0
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where

G.(t) = (1/2m) [ ( ﬁ (1 — s/ay) eS/ak)_le“ds, (4.7)

—1%0 \p_ni1

a, are real and 3. a; < 0.
We can show I,e X (T,expA|¢]). From [2,Chap. VI] we have
I(l;x) =1, I,(t; x) = x and

L((t — x)% x) = i a;’ = o,’. 4.9

k=n-{1
We can write for n > n(4)

L((t — x)*exp A | 1], x) <{L(( — ), )2 {I(exp2 A [ 1], )}V

Using Theorem 4.3 of [2, p. 278], we have I((t — x)%, x) < k,0,%, and in
addition, I,(exp2 4|/, x) is bounded for » sufficiently large and x in a
compact set.

Therefore, for | f(1)] << Me4!!, we have

I L(f(1); X) — f(Olleesy < 2w(o,) + Ly(a, b) 0,2, 4.9
and

L (f(0); x) — f(®)llewsy < 20,0(f',(04) + Ly(a, b) 0,*.  (4.10)
(4.9) and (4.10) are new results.
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